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Essential Kurepa Trees Versus 

Essential Jech-Kunen TreesQ 

Renling JinQ & Saharon ShelahQ 

Abstract 

By an wi-tree we mean a tree of size uji and height loi. An wi-tree is called 

^" ' a Kurepa tree if all its levels are countable and it has more than wi branches. 

An cji-tree is called a Jech-Kunen tree if it has k branches for some k strictly 

between loi and 2^^. A Kurepa tree is called an essential Kurepa tree if it 

^ ■ contains no Jech-Kunen subtrees. A Jech-Kunen tree is called an essential 

d . Jech-Kunen tree if it contains no Kurepa subtrees. In this paper we prove that 

(1) it is consistent with CH and 2'^^ > uj2 that there exist essential Kurepa trees 

^^ • and there are no essential Jech-Kunen trees, (2) it is consistent with CH and 

2'^! > UJ2 plus the existence of a Kurepa tree with 2^^ branches that there exist 

essential Jech-Kunen trees and there are no essential Kurepa trees. In the second 

s— / . result we require the existence of a Kurepa tree with 2'^^ branches in order to 

hJ ' avoid triviality. 

■3' 

c^ ■ 0. Introduction 

Our trees are always growing downward. We use T^ for the a*^ level of T and use 
T fa for |J/3<a ^/?- For every t G T let ht(t) = a iSt E T^. Let ht{T), the height of T, 
r^ ! be the least ordinal a such that T^ = 0. By a branch of T we mean a totally ordered 

psj ■ subset of T which intersects every nonempty level of T. For any tree T let m{T) be 

Q ■ the set of all maximal nodes of T, i.e. m{T) = {t E T : (Vs G T)(s ^ t — > s = t)}. 

^ I All trees considered in this paper have cardinalities less than or equal to coi so that, 

"Th ! without loss of generality, we can assume all those trees are subtrees of (uji"^^,^), 

d • where ujf'^^ is the set of all functions from some countable ordinals to ui. Hence every 

tree here has a unique root and if {t„ : n G a;} C T is a decreasing sequence of T, 
then t = UnGo;^™ ^^ ^^^ '^^^y possible greatest lower bound of {t„ : n G u}. We are 
also free to use either ^^ or ^ for the order of a tree T, i.e. s ^t t if and only if 

By an c^i-tree we mean a tree of height uoi and size uji. Notice that our definition 
of cui-tree is slightly different from the usual definition by not requiring every level 
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to be countable. An oji-tree T is called a Kurepa tree if every level of T is countable 
and T has more than Ui branches. An uji-tiee T is called a Jech-Kunen tree if T has 
K branches for some k strictly between cJi and 2^^ . We call a Kurepa tree thick if it 
has 2^^ branches. Obviously, a Kurepa non-Jech-Kunen tree must be thick, and a 
Jech-Kunen tree with every level countable is a Kurepa tree. 

While Kurepa trees are better studied, Jech-Kunen trees are relatively less popular. 
It is K. Kunen [Kl][Ju], who brought Jech-Kunen trees to people's attention by 
proving that: under CH and 2^^ > 002, the existence of a compact Hausdorff space 
with weight Ui and size strictly between Ui and 2"^^ is equivalent to the existence 
of a Jech-Kunen tree. It is also easy to observe that: under CH and 2"^^ > 002, the 
existence of a (Dedekind) complete dense linear order with density ui and size strictly 
between ui and 2"^^ is also equivalent to the existence of a Jech-Kunen tree. Above 
results are interesting because those compact Hausdorff spaces and complete dense 
linear orders cannot exist if we replace Ui by u, while the existence of a Jech-Kunen 
tree is undecidable. In this paper we would like to consider Jech-Kunen trees only 
under CH and 2'^i > uj2 . 

The consistency of a Jech-Kunen tree was given in [Jel], in which T. Jech con- 
structed a generic Kurepa tree with less than 2'^^ branches in a model of CH and 
2"^^ > 002- By assuming the consistency of an inaccessible cardinal, K. Kunen proved 
the consistency of non-existence of Jech-Kunen trees with CH and 2"^^ > 002 (see [Ju, 
Theorem 4.8]). In Kunen's model there are also no Kurepa trees. Kunen proved 
(see [Ju, Theorem 4.10]) also that the assumption of an inaccessible cardinal above 
is necessary. The differences between Kurepa trees and Jech-Kunen trees in terms 
of the existence have been studied in [Jil] [Ji2] [Ji3] [SJl] [SJ2]. It was proved that 
the consistency of an inaccessible cardinal implies (1) it is consistent with CH and 
2"^^ >UJ2 that there exist Kurepa trees but there are no Jech-Kunen trees [SJl], (2) it 
is consistent with CH and 2'^^ > UJ2 that there exist Jech-Kunen trees but there are 
no Kurepa trees [SJ2]. 

What could we say without the presence of large cardinals? In stead of killing 
all Kurepa trees, which needs an inaccessible cardinal, while keeping some Jech- 
Kunen trees alive, or killing all Jech-Kunen trees, which needs again an inaccessible 
cardinal, while keeping some Kurepa trees alive, we can kill all Kurepa subtrees of a 
Jech-Kunen tree or kill all Jech-Kunen subtrees of a Kurepa tree without using large 
cardinals. Let's call a Kurepa tree T essential if T has no Jech-Kunen subtrees, and 



call a Jecli-Kunen tree T essential if T has no Kurepa subtrees. In [Jil], the first 
author proved that it is consistent with CH and 2'^^ >uj2 , together with Generalized 
Martin's Axiom and the existence of a thick Kurepa tree, that no essential Kurepa 
trees and no essential Jech-Kunen trees. We required the presence of thick Kurepa 
trees in the model in order to avoid triviality. In [Ji3], the first author proved that it 
is consistent with CH and 2'^^ > 002 that there exist both essential Kurepa trees and 
essential Jech-Kunen trees. A weak version of this result was proved in [Jil] with 
help of an inaccessible cardinal. This paper could be considered as a continuation of 
the research done in [Jil] [Ji2] [Ji3] [SJl] [SJ2]. 

In §1, we prove that it is consistent with CH and 2*^^ >uo2 that there exist essential 
Kurepa trees but there are no essential Jech-Kunen trees. In §2, we prove that it 
is consistent with CH and 2'^^ > 002 plus the existence of a thick Kurepa tree that 
there exist essential Jech-Kunen trees but there are no essential Kurepa trees. In §3, 
we simplify the proofs of two old results by using the forcing notion for producing a 
generic essential Jech-Kunen tree defined in §2. 

We write a in the ground model for a name of an element a in the forcing extension. 
If a is in the ground model, we usually write a itself as a canonical name of a. The 
rest of the notation will be consistent with [K2] or [ Je2] . 



1. Yes Essential Kurepa Trees, No Essential Jech-Kunen Trees. 

In this section we are going to construct a model of CH and 2^^ > 002 in which 
there exist essential Kurepa trees and there are no essential Jech-Kunen trees. Our 
strategy to do this can be described as follows: first, we take a model of CH and 
2"^^ > UJ2 plus GMA (Generalized Martin's Axiom) as our ground model, so that in 
the ground model there are no essential Jech-Kunen trees, then, we add a generic 
Kurepa tree which has no Jech-Kunen subtrees. The hard part is to prove that the 
forcing adds no essential Jech-Kunen trees. 

Let P is a poset. A subset S* of P is called linked if any two elements in S is 
compatible in P. A poset P is called ui-linked if P is the union of Ui linked subsets 
of P. A subset 5" of P is called centered if every finite subset of S has a lower bound 
in P. A poset P is called countably compact if every countable centered subset of P 
has a lower bound in P. Now GMA is the following statement: 



Suppose P is an Wi-linked and countably compact poset. For any k < 2'^^, 
if "D = {Da : a < «;} is a collection of k, dense subsets of P, then there 
exists a filter G of P such that G fl D^ 7^ for all a < k. 

We choose the form of GMA from [B] , where a model of CH and 2"^^ > uj2 plus GMA 
can be found. 

Let / be any index set. We write Kj for a poset such that p is a condition in K/ 
iff p = {Ap, Ip) where Ap is a countable subtree of {ujf^^, ^) of height ftp + 1 and Ip 
is a function from a countable subset of / into {Ap)^ , the top level of Ap. For any 
p,q E K/, define p ^ g iff 

(1) Ap\ag + l = Ag, 

(2) dom{lp) D dom{lg) 
(3)(VeGrfom(g)(/,(0C/p(0). 

It is easy to see that K/ is countably closed (or oji-closed). If CH holds, then K/ 
is oji-linked. Let M be a model of CH and K/ G M. Suppose that G is a Kj-generic 
filter over M and let Tq = U»gG^p- Then in M[G'], the tree Tq is an o^i-tree with 
every level countable and Tq has exactly |/| branches. Furthermore, if for every i G / 
let 

B{i) = \\{lp{i) : p E G and i G dom{lp)}, 

then B{i) 7^ B{i') for any i,i' E I and i 7^ i', and {-B(«) : i G /} is the set of all 
branches of Tq in M[G]. Hence if |/| > ui, then Tq will be a Kurepa tree with \I\ 
branches in M[G]. K/ is the poset used in [Jel] for creating a generic Kurepa tree. 
All those facts above can also be found in [Jel] or [T]. 

For convenience we sometimes view K/ as an iterated forcing notion 

for any /' C /, where Gj' is a K//-generic filter over the ground model and Fn{I \ 
/', Tgj, , uji), in M[G'//], is the set of all functions from some countable subset of / \ /' 
to Tgj, with the order defined by letting p ^ g iff dom{q) C dom{p) and for any 
i G dom{q), p{i) ^ q{i). The poset Fn{J,TG,uJi) is in fact the countable support 
product of I J|-copies of Tq- We call two posets P and Q are forcing equivalent if 
there is a poset M such that M can be densely embedded into both P and Q. The 
posets K/ and K// * Fn{I \ I',Tq ^,001) are forcing equivalent because the map 

F : Kj ^ K// * Fn{I \ I', T^^, , Ui) 



such that for every p G K/, 

F{p) = {{A„l,\I'),l,\I^I') 
is a dense embedding. 

Lemma 1 (K. Kunen). Let M be a model of CH . Suppose that \ > 002 is a cardinal 
in M and K^ G M. Suppose G\ is a Kx-generic filter over M and Tq^ = Upgg ^p- 
Then in M[Gx] the tree Tq^ is a Kurepa tree with A branches and Tq^ has no subtrees 
with K branches for some k strictly between Ui and A. 

Proof: Assume that T is a subtree of Tq^ with more than c^i branches in MIGa]. 
We want to show that T has A branches in MIGa]- Since \T\ = ui, then there exists 
a subset J C A in M with cardinahty ^ ui such that T G M[Gi], where 

Gi = {peG: dom{lp) C /}. 

Notice that Tq^ = Tqj (in fact Tq = Tq^)- Since in M[Gi] the tree Tqj has only \I\ 
branches, then the tree T can have at most cui branches in M[Gi]. Let 5 be a branch 
of T in M[Ga] which is not in M[Gi]. Since \B\ = uji, there exists a subset J of A \ / 
with cardinahty ^ Ui such that B G M[Gi][Hj], where Hj is a Fn{J, T^^, Wi) -generic 
filter over M[Gi]. Now A \ / can be partitioned into A-many subsets of cardinality ui 
and for every subset J' C A \ (/ U J) of cardinality ui the poset Pj = Fn{J, Tgj,uji) 
is isomorphic to the poset Fji = Fn{J',TGj,uJi) through an obvious isomorphism tt 
induced by a bijection between J and J'. Let S be a Pj-name for B. Then 7r*(i?) 
is a Pj/-name for a new branch of T. Forcing with Pj x Pj/ will create two different 
branches 13^, and {7t^{B))hj,- Hence forcing with Fn{X \ I,Tgj,u;i) will produce at 
least A new branches of T. D 

Next lemma is a simple fact which will be used later. 

Lemma 2. Suppose P is an ui-closed poset of size ui (hence GH must hold). Then 
the tree {ujf'^'^, D) can be densely embedded into P. 

Proof: Folklore. D 

Lemma 3. Let M be a model of GH and 2'^^>uj2 plus GMA and let P = (a;f'^\ 3) G 
M . Suppose G is a "^-generic filter over M . Then in M[G] every Jech-Kunen tree 
has a Kurepa subtree. 
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Proof: Let T be a Jech-Kunen tree in M[G\ with 5 branches for u>i < 5 < \ = 2'^ 
Without loss of generahty we can assume that there is a regular cardinal k such that 
uji < K ^ 5 and for every t &T there are at least /t branches of T passing through t in 
MfG]. Again in M[G\ let / : k i-^ B{T) be a one to one function such that for every 
t eT and for every a < k there exists an /? G k \ a such that t G /(/9). Without loss 
of generality let us assume that 

Ip Ih (T is a Jech-Kunen tree and f : k \-^ B{T) 

is a one to one function such that (Vt G T)(Va G /«)(3/3 G k \ a)(t G /(/?))). 

We want now to construct a poset M in M such that a filter i/ of M obtained by 
applying GMA in M will give us a P-name for a Kurepa subtree of T in M[G']. 
Let r be a condition of M iff r = (Jr,Prj-4.r,5r) where Ir is a countable subtree of 



u; 
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3), Pr = (p[ : t G /r), A = (^r : t G Ir) and 5^ = (5[ : t G /,.) such that 



(1) P,. C P and for every t E Ir the element A\ is a nonempty countable subtree of 
{^1^^ 1 ^) of height a[ + 1 (we will use some y4['s to generate a Kurepa subtree of T) 
and SI is a nonempty countable subset of k, 

(2) (Vs, t E Ir){s C t ^^ pI ^ pI), (This implies that s and t are incompatible iff p^ 
and pI are incompatible for s, t G /j. because P is a tree,) 

(3) (Vs,t G /.)(s C t -> A[ \ht{A:) = AD, 

(4) (Vs,tG/.)(sCt^5rC5[), 
(5)(VtG/,)(pPhA[Cr), 

(6) (Vt G J,)(Va G S'r)(3a G (Anar)(Pt 1^ a e /(a)). 

The order of M: for any r, r' G M, let r ^ r' iff Jj.' C /^ and for every t G Jr' 

pr=p;, < = A and<C5[. 

Claim 3.1 The poset M is (jji-linked. 

Proof of Claim 3.1: Let r,r' eM. such that /^ = Ir', Pr = Pr' and Ar = Ar-i- Then 
the condition r" G M such that 

Irii = Ir, Pr" ^ Pri .Af." ^ Ar and O^" ^ (o^ U O^ '. t E Ir") 

is a common lower bound of both r and r'. Since there are only Ui different {Ir, Pr , A) 's 
and for each fixed (/r(,,Pr„, A,,) ^^^ ^^^ 

{rER: (/r,Pr, A) = (/ro,Fr„, Ao)} 

is linked, then M is the union of Ui linked subsets of M. D (Claim 3.1) 



Claim 3.2 The poset M is countably compact. 

Proof of Claim 3.2: Suppose that M' is a countable centered subset of M. Notice 
that for any finite Mg C R' and for any t G f]{Ir '■ f £ IRq} all Pt'^ ^.re same and all 
Al are same for r G Mg because Mq has a common lower bound in M. We now want 
to construct a condition f G M such that f is a common lower bound of M'. Let 

(2) Pf: = (p[ : t G If) where p[ = p[ for some r G M' such that t G i^, 

(3) Af={Al:te If) where A^ = A^ for some r eR' such that t G /^, 

(4) 5f = {SI : t G If) where S'f = U.ct -^^ and Ss = [J{Sl : (3r G M')(s e J^)}. 
Notice that from the argument above all jo^'s, A^^s and S'^'s are well-defined. We 

need to show f G M. It is obvious that f is a common lower bound of all elements in 
M' if f G M. 

It is easy to see that f satisfies (1), (2), (3), (4) and (5) in the definition of a 
condition in M. Let's check (6). 

Suppose t E If and a G S^. We want to show that there exists an a G (^[)q*= such 
that pI \\- a E /(a). Let r G M' be such that t G Ir, let r' G M' and s G Ir' be such 
that s C t and a G S'J . Since r and r' are compatible, then there exists an r" G M 
such that r" ^ r and r" ^ r'. By the facts that 

Pi = p\ = pf, Ai = Ai = A^;\ s:' c sf c sf 

and r" G M we have now that there exists an a G (^[)a^ such that p^ \\- a E /(a). □ 
(Claim 3.2) 

Next we are going to apply GMA in M to the poset M to construct a P-name for a 
Kurepa subtree in M[G]. 

For each t E uf'^^ define 

Dt = {rER:tE /,.}. 
For each p eF define 

E, = {rER:i3tElr)ipl^p)}. 
For each a < ui define 

Fa = {r eR: {VsE /r)(3t G Ir){s C t and /it(A;) > a)}. 
For each a < /« define 

Oa = {rER:{ysE J,)(3t G /,)(s C t and [a, ft:) n 5[ ^ 0)}. 



Claim 3.3 All those Dt, Ep, Fa and O^s are dense in M. 
Proof of Claim 3.3: Let tq be an arbitrary element in R. 

We show first that for every t G uf'^'^ the set Dt is dense in M, i.e. there is an 
r E Dt such that r ^ Tq. It's done if t G Ir^- Let's assume that t ^ Itq- Let 

to = [j{s eIr,:sC t}. 

Case 1: to E Irg- 

Find a sequence {ps : to C s C t} in F such that pt^^ = p[g and 

(Vs, s')(to ^ S C s' C t *-^ Ps' ^ Ps. 

The sequence {p^ : to C s C t} exists because P is oji-closed. Let 

Ir = Iro U {s : to C s C t}. 
For any s G /r, if s G Ir^, then let 

Ps — Ps" 1 ^s — ^s' ^^^ ^s — ^s ■ 
Otherwise let 

It is easy to see that r E Dt and r ^ tq. 

Case 2: to ^ /ro, i-^. Itq has no least element which is above t. 
Let 

-^r = -^ro U {s : to C S C t}. 

Again by oji-closedness we can find 

{p, : to C s C t} C P 
such that pt^^ is a lower bound of 

{p^'° : s Cto and s G /,.(,} 

and 

(Vs, s')(to ^ s C s' C t ^^ Ps' ^ Ps)- 
Let 

K, = U^^^" ^ ^ ^ ^n, and s C to} 
and let 

St, = Ui^I" • ^ ^ ^n, and s C to}. 
If the height of A'^^ is a successor ordinal, then let At„ = AJ^. If the height of A'^^ is a 
limit ordinal, then we have to add one more level to A'^^. For any [3 G St^ let s' C to 



and s' G /,.„ be such that (3 G S^?. Then for any s G Ir^ such that s' C s C fg there 
exists an ag^p G (A^'')q,'-o such that Pg° Ih a^^/j G /(/9). Now let 

a/3 = |J{«s,/3 ■ s' C s Cto and s G Jro) 
and let 

It is easy to see that 

(1) the height of A^y is a successor ordinal, 

(2) for every s C tg the tree Af^ is an end-extension of A^^, i.e. 

Ajht{A:^^) = A:'>, 

(3) for every j3 G St^ there exists an a^j in the top level of At^^ such that 
Pto 1^ «/3 e /(/9). 

Now for every s G /r, if r G /r,,, then let 

Otherwise let 

pI = Ps, Al = Ato and SI = St^. 

It is easy to see that r E Dt and r ^ Tq. 

We show now that for every p G P the set Ep is dense in M. We want to find an 
r E Ep such that r ^ tq. If there exists an t G /rj, such that p[" ^ p, then tq G -Ep. 
Let's assume that for every t G /rg p[° ^ p. Let 



to = U{^G/ro:p^pr}. 



Case 1: to G Jro- 

Let t' = to"(0), i.e. t' is a successor of to. It is clear that t' ^ 1^,,. Let Jr = /ro U {t'}. 
For every t E Ir, H t = t', then let 

p[=p, A[ = A[°and5[ = ^[°. 

Otherwise let 

pl=pl\ Al = Al^> e.nd SI = Sl\ 

Then we have r E Ep and r ^ tq. 
Case 2: to ^ Ir^- 
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Let Ir = Iro U {to}. We construct St^^, A'^^^ and then Af^ exactly same as we did in 
the proof of Case 2 about the denseness of the set Dt. For every t G J^, if t = to, then 
let 

pI =P, ^1 = At„ and SI = St,. 
Otherwise let 

Pl=p?, Al = Al^^B.ndSl = Sr. 
Now r E Ep and r ^ rQ. Notice also that Ep is open, i.e. 

{yp\p" G F){p' ^ p" A / eEp^p' e Ep). 

We show next that for every a G Wi the set Fa is dense in R. We need to find an 
r & Fa such that r ^ tq. 

Let Ir ^ Iro tie such that Ir is a countable subtree of u^'^'^ , Ir \ Iro i^ ^^ antichain 
and for every s G 1^ there is a t G /r \ Iro ^^'Ai that s C t. For every t E Ir ^ Ir, let 
Pi G P be such that pt ^ pl° for every s G Ir, and s C t, let 

5[ = |J{^^"" -.selro and s C t} 

and let 

A[ = |J{A;« -.selro and s C t}. 
If /it(AJ) is a successor ordinal, then let At = A'^. Otherwise let 

At = A[U{ap:Pe S^ 

where 

a(, = [j{aeA[:pt\^aef{m. 

Since S^ is countable and P is wi-closed, then there exists an pi ^ pt such that for 
every P G S'[ there exists an a G cjf such that p[ Ih a G /(/9). Let 

Al = At\J{a G a;iS" : (3/? G 5[)(K IH a G /(/?))}. 

Then /it(yl[) ^ a is a successor ordinal and for every jS G SI there exists an a in the 
top level of Al such that jo[ Ih a G /(/3). For every t E Ir^ Iro ^^ have already defined 
pI, Al and S'[. If t G Iro, then let 

K=pr, A[ = A["and5[ = 5[«. 

Hence r E Fa and r ^ ro. 

We show next that Oq, for every a < k, is dense in M, i.e. finding an r G Oa such 
that r ^ tq. 



11 

By imitating the proof of the denseness of F^ we can find an r' ^ rg such that 
Ir' \ Iro is an antichain and for every s G Ir' there exists an t G Ir' \ /ro such that 
s C t. For every t ^ Ir' ^ Iro fix a t which is an successor of t (for example i = r(0)). 
Let 

/r = /r' U {t : t G Ir' \ Iro}- 

For every t G Ir' let 

For every t with t G /r' \ /ro we want to construct p^, A^ and S^. If there is a /? G S'[ 
which is greater than a, then let p^ be any proper extension of p[, let A^ = A[ and let 
'S'f = SI . Otherwise, first, pick an a in the top level of A^ , then choose a /3 G k \ a; 
and a p ^ p[ such that p Ih a G /(/?)• This can be done because 

Ip Ih (Vt G t)(Va G fi;)(3/5 G /t \ a){t G /(/?)) 

is true in M. Now let 

p[-=p, ^? = < and 5^ = 5;-' U{/3}. 

It is easy to see that r G Oq, and r ^ tq. D (Claim 3.3) 

By applying GMA in M we can find an R-filter H such that i^n A 7^ 0, ^nF« 7^ 
and H n EpH 0^' 7^ for each t G cuf'^S each a G Wi, each p G P and each a' G k. 
Since Dj is dense for every t G cjf'^^ then 

Let 

Ph = \}{^r -.reH} 

and let 

Ah = \J{Ar -.reH}. 

Notice that for any r,r' E H and for any t E Ir (^ Ir' we have pi = pi and Al = Aj. 
because r and r' are compatible. So now for every t E Ih ^^ can define pt = pi for 
some r E H and define A^ = Al for some r E H. It is clear that the map t 1-^ p^ is 
an isomorphism between Ih and Fh, i-e. for any s,t E Ih we have s C t iff P( ^ Ps- 
It is also clear that the map t \-^ At is a homomorphism from Ih to Ah, i-e. for any 
s,t E Ih we have s C t implies (74^) f/it(As) = Ag. 
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Claim 3.4 For each t E Ih the set {pr(7) : 7 G cJi} is a maximal antichain below 
Pt in P. 

Proof of Claim 3.4: Let 7 and 7' be two ordinals in ui. Since Ih = oof'^^ and iJ 
is a filter, there exists an r E H such that ^(7), r(7') G J^. Hence p[-/-,\ and pl-/y\ are 
incompatible. So {jOr(7) : 7 G cJi} is an antichain. 

Suppose that jo G P and p ^ pt such that jo is incompatible with any of pr{-y) 's. Let 
r E H {~\ Ep. Then there is an s G Ir such that Ps = pI ^ P- Since jo^ G P//, then 
Ps < pt implies t C. s. Hence there exists an 7 G ciJi such that ^(7) C s. This means 
that ps < Pr(7)j ^-C- P and Pr(7) are compatible, a contradiction. D (Claim 3.4) 

We now work in M[G']. Since G is a P-generic filter over M, then P// fl G is a 
linearly ordered subset of ¥h- Let Tq = [j{At : pt G G}. 

Claim 3.5 T^ is a Kurepa subtree of T in M[G]. 

Proof of Claim 3.5: Since for every pt E G we have pt Ih At C T, it is clear that 
Tg C T in M[G']. For any Ps,Pt G G we have pt ^ Ps implies s E t which implies 
(At) \ ht{As) = Ag. Hence Tq is an end-extension of At for every pt E G. This implies 
that every level of Tq is a level of some At, hence is countable. 

We want to show now that Tq has at least k branches. Suppose |i3(TG)| < k,. Then 
there exists an a G k such that for every (3 E k \ a the function value /(/?) is not a 
branch of Tq- So there is a jo G P// and there is an a G k such that 

p Ih (V/9 E K \ a){f{P) is not a branch of T^). 

On the other hand, since H H EpHOa 7^ ^, then there exists an r G iJ fl O^ fl Ep. In 
M let s G Ir be such that Ps ^ p and there is a j3 E S^ such that (3 > a. Then for 
every t E Ih, ■? C t, there is an t' G J^, i^ ^ i^', such that 

Pt' Ih a G f{(3) 

for some a G {At')ht{A ,)• This shows that 

Ps Ih /(/9) is a branch of T^, 

which contradicts Ps ^ p and 

p Ih (V/3 G K \ a){f{j3) is not a branch of T^^,). 

Hence T^ has at least k branches in M[G]. D (Claim 3.5) 

Now we conclude that M[G] \= T has a Kurepa subtree To- □ 
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Theorem 4. It is consistent with CH and 2^^ >uj2 that there exist essential Kurepa 
trees and there are no essential Jech-Kunen trees. 

Proof: Let M be a model of CH and 2'^i = A > UO2 plus GMA. Let Ka G M. 
Suppose G\ is a KA-generic filter over M. We are going to show that M[Ga] is a 
model of CH and 2^^ > uj2 in which there exist essential Kurepa trees and there are 
no essential Jech-Kunen trees. 

It is easy to see that M[G'a] satisfies CH and 2'^^ > uj2 . Lemma 1 implies that 
there exist essential Kurepa trees. We need only to show that in MIGa] there are no 
essential Jech-Kunen trees. 

Assume T is a Jech-Kunen tree in M[Ga]- We need to show that T has a Kurepa 
subtree in M[G'a]. Since \T\ = ui, then there is an J C A of cardinality Ui in M such 
that Te M[Gi], where 

Gi = {p e Gx: dom{lp) C /}. 

We claim that 

B(T)nM[Gx] <^M[Gi\. 
If the claim is true, then T is a Jech-Kunen tree in M[Gi\. Suppose that B G 
B{T) n (M[Ga] \ M[Gi]). Then there is a J C A \ J such that B G M[Gi\[Hj\ where 
Hj is a Fn{J, Tqj , uJi)-genenc filter over M[Gj]. Let i? be a Fn{J, T^^, ij-'i)-name for 
B. For any J' C A \ (/ U J) such that \J'\ = \J\ there is an isomorphism n from 
Fn{J,TGj,uJi) to Fn{J' ,Tgj,uji) induced by a bijection between J and J'. Since 
in M[Ga]5 the branches {B)hj and {^^{B))^^, are different, then T has at least A 
branches. This contradicts that T is a Jech-Kunen tree. Let T have 5 branches in 
M[Gi\. Since K/ has size ui and is ij;i-closed, then it contains a dense subset which 
is isomorphic to P = {oof'^^ ,^) in M. Hence there is a P-generic filter G over M 
such that M[G\ = M[Gi]. By Lemma 3, the tree T has a Kurepa subtree in ^^[6*]. 
Obviously, the Kurepa subtree is still a Kurepa subtree in M[G'a], so T is not an 
essential Jech-Kunen tree in M[Gx]. D 

2. Yes Essential Jech-Kunen Trees, No Essential Kurepa Trees 

In this section we will construct a model of CH and 2'^^ > 002 plus the existence of 
a thick Kurepa tree, in which there are essential Jech-Kunen trees and there are no 
essential Kurepa trees. The arguments in this section are a sort of "symmetric" to 
the arguments in the last section. 
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We first take a model M of CH and 2'^^ = \ > 002 plus a thick Kurepa tree, where 
A^'*' = A in M, as our ground model. We then extend M to a model M[G] of CH 
and 2'^^ = X > UJ2 plus GAM by a A-stage iterated forcing (see [B] for the model 
and forcing). It has been proved in [Jil] that in M[G] there are neither essential 
Jech-Kunen trees nor essential Kurepa trees. In stead of taking a model of GMA as 
our ground model like we did in §1, we consider this A-stage iterated forcing as a part 
of our construction because it will be needed later (see also [Jil, Theorem 5]). Next 
we force with a cJi-closed poset J^^^ iu M[G] to create a generic essential Jech-Kunen 
tree, where S" is a stationary-costationary subset of uji. Again, the hard part is to 
prove that forcing with J^^^ over M[G] will not create any essential Kurepa trees. 

Recall that for T, a tree, m{T) denote the set 

{teT -.(ise T){s ^rt^ s = t)}. 

Let I be any index set and let S* be a subset of ui. We define a poset Ss,i such that 
p is a condition in Js,i iS p = {Ap, Ip) where 

(1) Ap is a countable subtree of ujf'^'^, 

(2) Ip is a function from some countable subset of / to m{A). 
For any p,q E Ss,i define p ^ q iS 

(1) A, C Ap, 

(2) for every t G Ap \ Ag either there is an s G mlAg) such that s C t or that 
a < ht{Aq) and a is a limit ordinal imply 

a = [J{ht{s) : s e Aq and s Ct} ^ S. 

(3) dom{lq) C dom{lp) and (Va G dom{lq))(lq{a) C lp{a)). 

Lemma 5. (GH) Jsj is uji-closed and ui-linked. 

Proof: We show first that Ss,i is cui-linked. For any p,q E Ss,i, if ^p = Aq, then 
the condition {Ap, Ip U Iq) is a common extension of jo and q. Because there are only 
tui different countable subtrees of uf'^'^ , it is clear that Ss,i is the union of ui linked 
sets. 

We now show that Ss,i is c^i-closed. Let {pn : rz G cJi} be a decreasing sequence in 
Ss,i- Let A = lj„g^ Ap^ and let D = |J„g^ dom{lpJ. For each i G D let 

l{i) = \\{lp^{i) : n e u and i G dom{lp^)}. 
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Define a condition p G Ss,i such that 

Ap = AU {/(i) -AeD} and Ip = I. 

We claim that p is a lower bound of the sequence {p„ : n & uj}. It suffices to show 
that for any n and for any t E Ap\ Ap^ either there exists an s G mlAp^) such that 
s C t or that a < ht{Ap^) and a is a limit ordinal imply 

a = [J{ht{s) : s e Ap^ and s Ct} ^ S. 

lit & A, then there is an A; > n such that t G Ap^,. Hence either there is an s G m{Ap^) 
such that s C t or that a < ht{Ap^) and a is a limit ordinal imply 

a = [J{ht{s) : s e Ap^ and s (1 t} ^ S 

because pk ^ Pn- li t = l{i) for some i E D, then because of t ^ Ap^, there is a A; > n 
and there is a t' G Ap^ \ Ap^ such that t' C t. Hence either there is an s G m{Ap^) 
such that s C t' C t or that a < ht{Ap^) and a is a limit ordinal imply 

a = [J{ht{s) : s e Ap^ and sCt'} ^ S 

because Pk ^ Pn- O 

Remark: Again, we may consider the poset Js,i as a two-step iterated forcing 
Ss,r * Fn{I \ I',T^ ,i'-^i)j where /' is a subset of /, Tq^, = [J{Ap : p G Gp} for a 
generic filter Gp of Ss,r and Fn{I \ I',Tq ^,uji) is a countable support product of 
\I \ /'|-copies oi Tq ^. The map 

p={Ap,lp)^{{Ap,lp\I'),lp\I^I') 

is a dense embedding from Ss,i to Ss,i' * Fn{I \ /', Tq ^ , ui). 

We now define S'-completeness of a tree T. Let a be a limit ordinal and let T be 
a tree with ht{T) = a. Let S* be a subset of a. Then T is called S'-complete if for 
every limit ordinal 13 E S and every B G B{T \ 13) the union |JS G T^, z.e. every 
strictly decreasing sequence of T has a greatest lower bound 6 in T if ht{b) G S". 

Lemma 6. Let M he a model of CH and let JI5/ G M where S (^ uji and I is an index 
set in M. Suppose G is a Ss,i^9^neric filter over M. Then the tree Tq = Upec^p ^-^ 
{uji \ S) -complete in M[G]. 
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Proof: Let a G oji \ 5" be a limit ordinal and let i? be a branch of Tq \o.. We need 
to show that t = \JB E Tq- The set i? is in M because Js,i is Wi-closed and B is 
countable. Let po ^ C be such that B C Ap^y It is clear that 

Let 

DB = {pe Ss,i ■.p^Poa.ndt = [JBeAp}. 

Then Db is dense below po because for any p ^ po the element p' = {Ap U {|J B}, Ip) 
is a condition in Ss,i and p' ^ p (here we uses the fact that a E ui^S). Since po G G, 
then there is a p G G fl Db- Hence t = [JB E Tq- □ 

Lemma 7. Let M be a model ofCH. In M let U be a stationary subset of uji, let 
T be an Ui-tree which is U -complete and let I be any index set. Let K E M be any 
uji-tree such that every level of K is countable. Suppose P = Fn{I,T,uJi) G M and 
G is a ¥ -generic filter over M. Then 

B{K) n M[G] C M, 

i.e. the forcing adds no new branches of K. 

Proof: Suppose that S is a branch of K in M[G] \ M. Without loss of generality, 
let's assume that 

Ip Ih S G {B{K) \ M). 
By a standard argument (see [K2, p. 259]) the statements 

(Vp G P)(V« G uJi){3t G 0(V < p){p' hteB) 

and 

(Vj9 G P)(Va G cJi)(Vt G 0(p Ih t G S > 

(V/? G cui \ a) (37 G cui \ /3)(3t,- G a;7)(to ^ ti)(3p, ^ p){p, Ih t, G S)) 

for j = 0, 1, are true in M . 

Let's work in M. Let ^ be a large enough cardinal and let A^ be a countable 
elementary submodel of {H{6), g) such that K,¥,B E N. hei 5 = N nuiEU (such 
A^ exists because U is stationary). In M we choose an increasing sequence of ordinals 
{6n : n E uj} such that IJne<.^ "^^ ~ ^- Again in M we construct a set 

{ps- se 2<'^} CPniV 
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and a set 

such that 

(1) (Vs, s' G 2<")(s C s' ^ p,, ^ps^ ts' ^ ts), 

(2) (VsG2<-)(pJht, g5), 

(3) /it(t,) > 5|,|, 

(4) (V2 G rfom(p,))(/it(p,(2)) > 5|,|), 

where |s| means the length of the finite sequence s. 

Let p0 = Ip and let t© = 0, the root of fi'. Assume that we have found {ps : s G 2^"} 
and {ts-. se 2«^"} which satisfy (1), (2), (3) and (4) relative to 2^". Pick any s G 2". 
Since the sentence 

(Vp G P)(Va G uji){yt G 0(p Ih t G S > 

(V/? G cui \ a) (37 G cc^i \ (3)i3tj G a;/) (to 7^ ti)(3p, ^ p){p, Ih t, G B)) 

for J = 0, 1, is true in M, then it is true in A^. Notice that in A^ the cardinal ui is 5. 
Since Ps, tg G A^, then in A^ there exist p^,p^ ^ Ps and there exist t^, t^ G ujj, t° 7^ t-*^, 
for some 7 G 5 \ (5|s|+i such that 

p> Ih t-'' G 5 

for j = 0, 1. Again in A^ we can extend p° and p^ to jOs'(o) and Ps'(i) respectively so 
that 

(Vi G dom{ps~{j))){ht{ps-{j){i)) ^ ^i^i+i) 

for j = 0, 1. Since T is ^-complete and for every / G 2'^, for every « G IJnea; dom{pf\^n) 
we have 

M{/it(p/^„(i)) : n E io and i G (iom(jOj|-„)} = S E U, 

then the condition p/ such that dom{pf) = Unew ^"^"^(P/t™) ^'^'^ 
^/(^) ~ lJ{P/t«(0 : n E uj and i G dom{pf)} 
for every i G dom{pf) is a lower bound of {pf\n : n G a;} in P. Here we use the fact 
that T is [/-complete so that Pf{i) E T for every i E dom.{pf). Let tf = UnGw^/t"- 
Then ht{tf) = 6. Since 

Pf Ih tfin e 5 
for every n E uj, then 

jO/ Ih t/ G s n Ks. 
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It is easy to see that if /, /' G 2'^ are different, then tf and tf are different. Hence 
Ks is uncountable, a contradiction. D 

Lemma 8. Let M be a model of CH and 2^^ = \> U2 and let JJ^^^ G M where k is 
a cardinal in M such that uoi < k < \ and S is a stationary subset of uoi. Suppose 
that G is a J5^K^9'e?T-enc filter over M. Then in M[G\ the tree Tq = UpeG^p ^-^ ^'^ 
essential Jech-Kunen tree with k branches. 

Proof: It is easy to see that Tq is an uoi tree. We will divide the lemma into two 
claims. 

Claim 8.1 For every ^ G k let 

5(0 = [j{lp{0 : j9 G G and C G dom{lp)}. 

Then 

B{Tg) = {B{0 : e e /.} 

and for any two different ^ and ^' in k, the branches B{^) and B{^') are different. 
Proof of Claim 8.1: Since in M, for every (^ G k and for every a E uji the set 

D(,a = {p & Is,K '■ ^ G dom{lp) and ht{lp{^)) > a} 

is dense in Js,k, then B{^) is a branch of Tq- For any two different C,,C,' E k, the set 

I)^,e = {pe J5,K : e, ^' e dom{lp) and lp{^) ^ lp{f)} 

is also dense in JJ^^- So the branches B{^) and B{^') are different. 

We now want to show that all branches of Tq in M[G] are exactly those B{^)^s. 
Suppose that in M[G] the tree Tq has a branch B which is not in the set 

{B{0 : e e /.}. 

Without loss of generality, let us assume that 

lj,,Jhi?G(S(T^)x{S(0:ee^}). 

Work in M. Let ^ be a large enough cardinal and let A^ be an elementary submodel 
of {H{e), g) such that k, S,B,B = {B{^) : ^ G k}Js,k e N and ii p E N H !<?,«, then 
dom{lp) C A^. Let 5 = N r\ uoi E S. In M we choose an increasing sequence of 
countable ordinals {5„ : n E uo} such that 5 = Unew ^- ^^ '^^^ want to find a 
decreasing sequence {p„ : n E uj} C J5,, fi A^ such that po = Ij^,^ and for each n E uj 

(1) (Ve G rfom(/pJ)(3t G Ap„^J(Pn+i Ih t G B{0 ^ B), 
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(2) (3e G dom{lp„^,)){3t e Ap^^, \ ApJ{ht{t) ^ ht{ApJ and p„+i Ih t e B), 

(3) ht{ApJ ^ 6n. 

Assume we have found {poiPi) • • • iPn}- We now work in A^. Let 

dom{lp) = {^k '■ k E u} 

which is an enumeration in A^. Choose qo = Pn ^ Qi ^ ■ ' ' such that for every k E uji 
there is a t G Aq^ such that 

gjh t G B{ik) \ B. 
Assume, in A, that we have found {qq, gi, . . . , qu}- Since the sentence 

gfclh(3tGT^)(tG5(efc)\5) 

is true in A (because it is true in H{d) and ^k ^ N), then there is a t G {uf^'^)^ = 6"^^ 
and there is a q'' ^ qk such that 

g'lh (teT^;. and teB{^k) \ 5). 

Since 

q' Ih Aq, C T^, 

then there is a gfc_|_i ^ q' such that t G Ag^^^. Since A |= "JI^^k is Wi-closed" and 
{qk : A; G u;} is constructed in A^, then there is a g G JJ^^^ in A^ such that g is a lower 
bound of {qk '■ k G uji}. Let a = max{/it(ylp„), (5„+i}. Notice that a E 6 because 
Pn G A. Since in A^ 

g Ih 5 is a branch of T^j,, 

then 

glh(3tG(T^)«+i)(tGi?). 
Hence there is a g ^ g and there is a t G (c<j"^^)^ such that 

glhtG B. 

We can also assume that t G Ag. 

We now go back to M and let Pn+i = q- This finishes the construction of 
{Pn'-ne u}. 

Let p G Is,K be such that 

dom{lp) = [J dom{lpJ, 

for every ^ G dom{lp) 

IpiO = a^ = |J{^p„(0 : n G a; and ^ G dom{lpJ} 
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and 

^P = (U ^P") U {a^ : e G dom{lp)}. 
By the construction of p„'s we have 

|J{/it(t) : t G Ap and p Ih t G fi} = 5 G S". 

Pick any t G Ap. If t 7^ a^ for any ^ G dom{lp), then we can find a 7 G cji such that 
r(7) ^ Ap. Extend f{'y) to t G cjj''''*". Define p such that 

Ap = Ap U {m : t C M C t} 

and Ip = Ip. If t = a^ for some ^ G dom^lp), then simply extend t to 6^ G cj^ (if 
ht{a^) = 6, then b^ = a^). Define p such that 

Ap = ApL}{u:tCuCb^} 
and 

/p- = (/pKrfom(g\{0))u{(e,65)}. 

It is easy to see that p ^ p and ht{Ap) = 6+1. Let 

a = [j{t e Ap-.pl^te B}. 

It is also easy to see that for any q ^ p the element a is not in Ag. Here we use the 
fact 5 G S*, 5 is a limit ordinal and ht{Ap) > 6. Hence 



This contradicts that 



D (Claim 8.1) 



p Ih i? is a branch of Tq. 



Claim 8.2 Tq has no Kurepa subtree in M[G]. 

Proof of Claim 8.2: Suppose that Tq has a Kurepa subtree K in M[G']. Since 
\K\ = uJi, then there is an / C k such that |/| ^ uji and K G M[Gi], where 

Gi = {peG: domilp) C /}. 

Notice that Gi is a J^^j-generic filter over M. Since Js,k is forcing equivalent to 
^s,i * Fn{K \ /, Tgj^uji) and Tg, is {uJi \ S')-complete in M[Gi\ (notice that 5" is still 
stationary-costationary), then by Lemma 7, the set of all branches of K in M[G'/] is 
same as the set of all branches of K in M[G']. Hence i^ is a Kurepa tree in M[Gi\. 
But by Claim 8.1, the tree Tq = Tqj has only |/| branches in M[G'/] and K is a, 
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subtree of Tq- Hence K has at most uji branches in M[G'/]. This contradicts that K 
is a Kurepa tree in M[Gj]. D 

Lemma 9. Let M be a model of CH and 2"^^ = X > uj2 with A<^ = A. In M let 

((Pq, : a ^ A), (Qq, : a < \)) he a Xstage iterated forcing notion used in [B] for 
a model of GMA. Suppose that G\ is a Fx-generic filter over M. In M[Gx] let 
P = {ujf'^\D) and let H be a F-generic filter over M[Gx]- Then m M[Gx\[H] there 
are no essential Kurepa trees. 

Proof: For any a < A the poset Pa can be factored to Pq, * P° and Gx can also be 
written as Ga * G" such that Ga is a P^-generic fiher over M and G" is a P"-generic 
filter over M[Gq]. Let T be a Kurepa tree in M[G'A][i^] with A branches. Without 
loss of generality, let's assume that for every t E T there are exactly A branches of 
T passing through t in M[Gx]\H]. In M[Gx][H] let f : uj2 ^ B{T) be a one to one 
function such that for every t E T and for every a < 002 there exists an P E 002 ^ a 
such that t G /(/9). Notice that 002 here can be replaced by any regular cardinal k 
satisfying uj2 ^ n < \. Without loss of generality, let us assume that 

Ip Ih (T is a Kurepa tree and f : 002^^ B{T) 

is a one to one function such that (Vt G r)(Va G UJ2){^(3 E UJ2 \ a){t E f{P))). 

We want now to construct a poset M' in M such that a filter G of R' obtained by 
applying a forcing argument similar to GMA in M[Ga] will give us an P-name for a 
Jech-Kunen subtree of T in M[G'A][i^]. 

Let r be a condition in R' iff r = (J^, Pr, Ar, Sr) where Ir is a countable subtree of 
i^f"^',^), K= {Pl-te Ir), Ar = {A^-.te Ir) and Sr = {SI -.telr) such that 

(1) Fr C P, and for every t & Ir the element A^ is a nonempty countable subtree of 
('^f'^\ ^) of height a[ + 1 (we will use some A^^s to generate a Jech-Kunen subtree of 
T) and S^ is a nonempty countable subset of uj2, (the requirement "5'[ C 012" makes 
R' different from R defined in Lemma 3,) 

(2) {\fs,telr){sct^pi^p:), 

(3) (Vs,t G Ir)is Ct^Al IhtiAl) = a:), 

(4) i\fs,telr){sct^ Sicsi), 

(5)(VtG/,)(p[lhA[Cr), 

(6) (Vt G /.)(Va G Sl)i3a G iAlU){pl lh a G /(a)). 
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For any r, r' ^W, let r ^ r' iff J^' C /^, and for every t G Ir' 

p;'=p;,Ai'=Ale.ndSfcSl. 

Claim 9.1 The poset M' is o'l-linked. 

Proof of Claim 9.1: Same as the proof of Claim 3.1. D (Claim 9.1) 

Claim 9.2 The poset M' is countably compact. 

Proof of Claim 9.2: Same as the proof of Claim 3.2. D (Claim 9.2) 

For each t G uf'^'^ define 

A = {r G R' : t G /J. 
For each p G P define 

Ep = {reR':i3teIr){pl^p)}. 
For each a < ui define 

F« = {r G M' : (Vs G /,)(3t G /,)(/it(A[) > a)}. 
For each a < uj2 define 

0« = {r G M' : (Vs G /,)(3t G /,)(s C t and [a,a;2) H 5[ ^ 0)}. 

Claim 9.3 All those Dt, Ep, Fa and Oq,'s are dense in M'. 

Proof of Claim 9.3: Same as the proof of Claim 3.3. D (Claim 9.3) 

Note that |M'| = U2. Also note that M[Gx][H] = M[H][Gx] because Pa is uj^- 
closed. By the construction of Pa there exists an /? < A such that those dense sets 
Dt, Ep, Fa and Oq, are in MlGp], the tree T is in MlG/^Jf/f] or T is in M[Gfs] and 

Ip^ Ih Q^ = R', 

i.e. R' is the poset used in /?-th step forcing in the A-stage iteration. 
Let Hfs be a Q/j-generic filter over M[Gj3] such that Gp * Hf3 = Gfs+i. 
Since Dt is dense for every t G ujf'^^, then 

lH, = \J{Ir--reH} = uj<^\ 

Let 
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and let 

Notice that for any r, r' G Hf^ and for any t E Ir (^ h' we have pi = pi and A[ = A[ 
because r and r' are compatible. So now for every t G /^^ we can define pt = pi for 
some r G i//? and define At = Al for some r G iiT/j. It is clear that the map t h^ pt is 
an isomorphism between I^^ and Fh^ , i- e. for any s, t G ///^ we have s C t iff pj ^ p^. 
It is also clear that the map t i-^ A^ is a homomorphism from J/^ to Anf,, i-e. for 
any s,t G ///^ we have s C t implies (Af) |~/it(A5) = Ag. 

Claim 9.4 For each t G //^^ the set {pr(7) : 7 G cji} is a maximal antichain below 
Pt in P. 

Proof of Claim 9.4: Same as the proof of Claim 3.4. 

The next claim is something different from Lemma 3. Let T^ = {At : pt G H} 
where H is the P-generic filter over M[Ga]- 

Claim 9.5 T^ is a Jech-Kunen subtree of T in M[G'A][ii/^]. 

Proof of Claim 9.5: By the proof of Claim 3.5, we know that Th is a subtree of T 
with more than Ui branches. It suffices to show that Th has exactly UJ2 branches. 

Suppose that Th has more than UJ2 branches then there is a branch B in M[GA][ii/^] 
which is not in the range of the function /. Without loss of generality, let's assume 
that 

lplh(VaGu;2)(S^/(a)). 
Let i? be a P-name for B and let 

D^ = {reR' : (Vs G /^)(3t G /^)(s C t and ht{B n Al) < ht{Al))}. 

Since M[Gx][H] = M[Gfi][H][G^] and P^^ is cji-closed in M[Gf3][H], then B is in 
M[G'/3][if] because any tJi-closed forcing will not add any new branches to the Kurepa 
tree T. We assume also that the P-name B is in M[G^]. Hence the set D^ is in M[G^]. 
Let 

E^ = {pI e¥Hp:reD^r}Hp and pi Ih ht{B n Al) < ht{Al)}. 

Subclaim 9.5.1 Dj^ is dense in M'. 

Proof of Claim 9.5.1: Let rg be any element in M'. It suffices to show that there 
is an element r in Dj^ such that r ^ Tq. Let's first extend Tq to r' such that for every 
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s G Iro there is a t G m{I.f.i) such that s C t. Let t G m{I.fi). For every a G S'^ let 
tta G (A[ )^r' such that pi Ih a^ G /(a). Since we have 

pf ih(3nGr)(izG/(«)\i?) 

and P is a;i-closed, then there is a -Uq 3 a^ in ujf^'^ for every a G 5'[ and a, pt ^ Pt 
such that for every a E SI 

Pt Ih M„ G /(a) \ S. 

Without loss of generality, we can assume that there is a 7 G c^i such that ht{ua) = 7 
and 

Pt\\-B differs from all f{a) below 7 
for every a G S'[ . Let 

Ir = Jr' U {t : t is a successor of t for t G m{Ir>)}. 

For every t G Ir' let 

pl=pl',Al = Al' andSl = Sl'. 

For every t G /r \ /r' let 

Pf = Pt, A^ = Al U {s : s C -u^ for some a G S'[ } and S"!" = S'[ . 

Now it is easy to see that r ^ r^ and r G -D^. D (Subclaim 9.5.1) 

Subclaim 9.5.2 E^ is dense in P^^. 

Proof of Subclaim 9.5.2: Let po G P^^. We need to show that there is a p G Fh^ 
such that p ^ Po and p G E^. 

Since po ^ ^h^, then there is an r G ///? such that po = p^. Since D^ is dense and 
r G i//3, then there is an r' ^ r such that r' G Hjs fl D^. Since pi = pi and r' G D^, 
then there is a t G Ir' such that s C t and 

pf lh/it(Sn<) </it(Af)- 
Hence we have p[ ^ p^ = Po and p[ G -E"^. D (Claim 9.5) 

Now the lemma follows because if S of is a branch of T, which is not in the range 
of /, then it is not a branch of T//^ because there is an a G Ui and there is an 
A = Th^\ a snch that ht{Bn A) <ht{A). D 

Theorem 10. It is consistent with CH and 2^^ > UJ2 plus the existence of a thick 
Kurepa tree that there exist essential Jech-Kunen trees and there are no essential 
Kurepa trees. 
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Proof: Let M be a model of CH and 2'^^ = A > uj2 such that in M, A<^ = A and 
there is a thick Kurepa tree. Such model exists by Lemma 1. In M let 

^«:a^A),(Qa:a<A)) 



be the A-stage iterated forcing notion used in [B] for a model of GMA. Suppose G\ 
is a P^-generic filter over M. Then 

M[Gx] h Cf/ + 2"^^ = A > CJ2 + GMA. 

In M[G'a] let K be a cardinal such that uj2 ^ k, < \ and let S* be a stationary- 
costationary subset of oji. Suppose that H \s a. Js'^K^generic filter over M[G\\. Then 
by Lemma 8, the tree Th = [J{Ap : p G H} is an essential Jech-Kunen tree in 
M[G'A][i^]. It is obvious that the thick Kurepa trees in M are still thick Kurepa 
trees in MfGAJIi:/^]. We need only to show that there are no essential Kurepa trees in 
M[Gx][H]. 

Suppose that K is an essential Kurepa tree in M[G'A][i:/^]. Since \K\ = ui, then 
there exists an / C «; such that |/| = Ui and K G M[GA][i^/], where 

Hi = Hn Is,i = {pe H : dom{lp) C /}. 

Since ^s,k is forcing equivalent to 

Is,i*Fn{K\ I,T^^,u;i)) 

and by Lemma 6, the tree Thj is {ui \ S')-complete, then by Lemma 7, there are no 
new branches of K in M[GA][-f^] which are not in M[GA][-f^/]- So K is still a Kurepa 
tree in M[GA][-f^/]- But the poset Js,i is c^i-closed and has size Ui. So by Lemma 2, 
the poset Ss,i is forcing equivalent to (c<jf'^\ ^). Hence by Lemma 9, the Kurepa tree 
K has a Jech-Kunen subtree K' in M[Ga][-^/]- Since every branch of K' is a branch 
of K and the set of branches of K keeps same in M[G'A][-f^/] and in M[G'A][-f^], then 
K' is still a Jech-Kunen subtree of K in M[GA][-f^]- This contradicts that K is an 
essential Kurepa tree in M[G'A][ii/^] □ 

Remark: It is quite easy to build a model of CH and 2^^ > uj2 in which there exist 
essential Jech-Kunen trees and there are no essential Kurepa tree without requiring 
the existence of a thick Kurepa tree. Let M be a model of GCH. First, increase 2'^^ to 
uj^ by an cji-closed Cohen forcing. Then, force with the poset Is,iU2- ^^ the resulting 
model CH and 2"^^ = u^ hold and there is an essential Jech-Kunen tree. It can be 
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shown easily that there are no thick Kurepa trees in the resulting model. Hence it is 
trivially true that there are no essential Kurepa trees in that model. 

3. New Proofs of Two Old Results. 

In [SJl], we proved that, assuming the consistency of an inaccessible cardinal, it is 
consistent with CH and 2'^^ > 002 that there exist Jech-Kunen trees and there are no 
Kurepa trees. The model for that is constructed by taking Kunen's model for non- 
existence of Jech-Kunen trees as our ground model and then forcing with a countable 
support product of 002 copies of a "carefully pruned" tree T. The way that the tree T 
is pruned guarantees that (1) the forcing is w-distributive, (2) forcing does not add 
any Kurepa trees, (3) T becomes a Jech-Kunen tree in the resulting model. In [Ji3], 
this pruning technique was also used to construct a model of CH and 2"^^ > uj2 in which 
there exist essential Kurepa trees and there exist essential Jech-Kunen trees. Here 
we realize that the Jech-Kunen tree obtained by forcing with that carefully pruned 
tree in [SJl] and [Ji3] can be replaced by a generic Jech-Kunen tree obtained by 
forcing with Ss,k, the poset defined in §2. So now we can reprove those two results in 
[SJl] and [Ji3] without going through a long and tedious construction of a "carefully 
pruned" tree. 

Let Lv{k,uji), the countable support Levy collapsing order, denote a poset defined 
by letting p G Lv{k, Ui) iff p is a function from some countable subset oi k x Ui to 2 
such that p{^.,rj) G ^ for every {^.,7]) G dom{p) and orderd by reverse inclusion. 

Let Fn(A,2,cJi), the countable support Cohen forcing, denote a poset defined by 
letting p G Fn{\, 2, ui) iff p is a function from some countable subset of A to 2 and 
ordered by reverse inclusion. 

Theorem 11. Let k and A he two cardinals in a model M such that k is strongly 
inaccessible and X > k, is regular in M. Let S E M be a stationary-costationary subset 
ofuji and let Ss,k E M be the poset defined in ^2. Let Lv{k, Ui) and Fn{X, 2, Ui) be in 
M. Suppose that G x H x F is a {Lv{k, ui) x Fn{X, 2, ui) x Js^nj^g^neric filter over 
M. Then M[G\[H][F] \= {CH + 2^^ > a;2 + there exist Jech-Kunen trees + there are 
no Kurepa trees ). 

Proof: It is easy to see that 

M[G\[H][F] ^{CH + 2'^' = X> n = UJ2). 
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It is also easy to see that u>i and all cardinals greater than or equal to k in M are 
preserved. By Lemma 8, the tree Tp = Ubgf "^p i^ ^ Jech-Kunen tree. We now 
need only to show that there are no Kurepa trees in M[G'][-ff][F]. Suppose that K 
is a Kurepa tree in M[G][i/][F]. Since \K\ = ui, then there exists an / C k with 
|/| = ooi such that K e M[G][H][Fj] where Fj = F n Is,i (recall that the poset Is,k 
is forcing equivalent to Ss,i * Fn{K \ /,Tp ,uoi)). By Lemma 7, the tree K is still a 
Kurepa tree in M[G][iJ][F/]. Since the poset ^sj is u;i-closed and has size Wi, then 
by Lemma 2, J^/ is forcing equivalent to Fn{uJi,2,uJi). By a standard argument we 
know that Fn{X, 2, ui) x Fn{uji, 2, tJi) is isomorphic to Fn{X, 2, a;i). Hence there is a 
Fn(A,2,c<;i)-generic filter //' over M[G] such that M[G][if][F/] = M[G][H']. But it 
is easy to see that in M[G][i/'] there are neither Kurepa trees nor Jech-Kunen trees. 
So we have a contradiction that X is a Kurepa tree in M[(7][i/']. D 

Theorem 12. Let M be a model of GCH . Let k and A he two regular cardinals in 
M such that X > k > uji and let S be a stationary subset of Ui in M. In M let K\ 
and Js,K be two posets defined in %1 and %2, respectively. Suppose that G x H is a 
IKa X ^s,K.-g&neric filter over M . Then 

M[G X H] 1= {CH + 2^^ =X> K>uoi + 

there exist essential Kurepa trees + there exist essential Jech-Kunen trees ). 

Proof: It is easy to see that M[G x iJ] is a model of GH and 2*^^ = A > /« > uJi. 
Since Ka and ^s,k are cui-closed, then Ka is absolute with respect to M, and M[H] and 
Ss,K is absolute with respect to M and M[G']. By Lemma 8, the tree Th = Upe// "^p 
is an essential Jech-Kunen tree in M[G][i/]. By Lemma 1, the tree Tq = Ubgc^p ^^ 
an essential Kurepa tree because M[G][i7] = M[i/][G']. D 
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